Self-Duality and Supcrsymmetry 
E.Sezgin 

USE PLAIN TEX 

CTP-TAMU-85/92 
hepth@ xxx /9212092 
December 1992 



Self-Duality and Supersymmetry 



E. Sezgin 



Center for Theoretical Physics, Texas A&M University, 
College Station, Texas 77843-4242, USA. 



ABSTRACT 

Chiral/self-dual restrictions of various super Yang-Mills and supergravity theories in (2,2) 
dimensions are described. These include the N=l supergravity with a cosmo logical term and 
the N=l new minimal supergravity theory. In the latter case, a self-duality condition on a 
torsionful Riemann curvature is possible, and it implies the equations of motion that follow 
from an E? type supergravity action. 
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1. Self-dual Yang-Mills and self-dual gravity equations in (2,2) dimensions are known to 
arise in open and closed N=2 string theories [1], i.e. string theories with local N=2 world- 
sheet supersymmetry. Recently, it has been shown that N=2 open string actually describes 
a self-dual super Yang-Mills theory, while the N=2 closed string describes self-dual N=8 
supergravity theory and the heterotic N=2 closed string describes gauged N=8 supergravity 
theory in (2,2) dimensions [2]. These interesting developments motivate further study of 
various self-dual supersymmetric field theories in (2,2) dimensions. 

Another motivation for studying the self-dual systems in (2,2) dimensions is their con- 
nection with a large class of integrable systems in (1,1) dimensions [3]. For example, different 
types of dimensional reductions of the (2,2) dimensional self-dual Yang-Mills theory yield a 
large class of integrable systems in (1,1) dimensions including the KdV equation, the non- 
linear Schrodinger equations and Toda equations. One expects that even a larger class of 
integrable models are e mbedded in self-dual supersymmetric field theories. In fact, it has 
recently been shown that super KdV and super- Toda equations do arise from dimensional 
reductions of N=2 supersymmetric self-dual Yang-Mills system in (2,2) dimensions [4]. 

In this note, we shall describe the algebraic structure of various self-dual supersymmetric 
field theories in (2,2) dimensions. We first describe their underlying superalgebras. Next, 
we discuss the chiral/self-dual restrictions of N=l,2,4 super Yang-Mills theories. Finally, 
we describe the chiral/self-dual restrictions of (i) N=l supergravity (ii) new minimal N=l 
supergravity and (iii) N=l supergravity with a cosmological constant in (2,2) dimensions. 
In the second case, we find a self-duality condition on a torsionful Riemann curvature which 
implies the equations of motion that follow from an R 2 type action [5]. In the last case, 
surprisingly, it turns out that (a) the self-duality conditions on the Riemann tensor and the 
gravitino curvature are precisely those of self-dual N=l supergravity without a cosmological 
constant, and (b) in the chiral truncation of the supersymmetry transformation rules of anti 
de Sitter supergravity, the cosmological constant parameter survives. Thus, the usual self- 
dual supergravity equations seem to be invariant under a one parameter extension of the 
super- Poincare group which is a particular contraction of the anti de Sitter Poincare algebra 
in (2,2) dimensions. A similar phenomenon has been descibred in the context of gauged N=8 
supergravity in [2]. 

2. Let us consider first the relevant super Poincare algebras. A characteristic feature of 
the super Poincare algebra in (2,2) dimensions is that the supercharges are independent 
real Majorana-Weyl spinors [6]. Various supermultiplets in (3,1) dimensions can easily be 
Wick rotated to supermultiplets in (2,2) dimensions. Of particular interest is the Yang- 
Mills supermultiplet consisting of the Yang-Mills gauge field and its fermionic partner. We 
recall that this supermultiplet also exists in (5,1), where the supercharges are pseudo-real 
Majorana-Weyl, and in (9,1) dimensions where the supercharges are real Majorana-Weyl. 
We can Wick rotate the first one to (3,3) dimensions, and the latter to (5,5) dimensions. In 
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both cases, there exist real Majorana-Weyl spinors. Thus, it is useful to consider the (2,2), 
(3,3), (5,5) and (9,1) dimensions, where real Majorana-Weyl spinors and simple Yang-Mills 
supermultiplets exist. 

In (2,2) dimensions, we adopt the following conventions. The spacetime signature is 

( h+), the charge conjugation matrix is C = 712, C T = -C, {"ip V C) T = -y^C, 75 = 71234, 

I5 = 75, [CWs] = 0, 7* = 777^, and (7 M C) T = -rjluC, where rj = ±1. Without loss of 
generality, we shall set n = 1. The extended Poincare algebra consists of Poincare generators 
and supercharges Q % ± ,i = 1, N which obey the anticommutation rules 

{Q^Ql} = \{l + l,)^CP^ , 

{Q'±,Qi} = o, 

where Ay can be chosen to be either the SO(n, N — n) invariant symmetric tensor rftj or the 
Spin, N — n) invariant antisymmetric tensor Qij. These are the automorphism groups of the 
algebra, and the supercharges transform in their defining representations. 

In (3,3) dimensions, we adopt the following conventions: The spacetime signature is ( 

- + ++), the charge conjugation matrix is C = 7123, (l^C) T = -(luC), (j^ p C) T = j^pC, 
77 = 7123456, I7 = 77, {C,77} = 0, 7* = 777^, C T = -nC and (7^C) T = -rn^C, where 
n = ±1. Without loss of generality, we shall set rj — 1. The supercharges Q\ , i — 1, ...,M 
and Qt , a = 1, N obey the anticommutation rules 

{Q\,Q j + } = \{l + l7 )^CPpW , 

{Q\,Q a -} = 0, (2) 

where f2 y and Vl ab are the invariant tensors of the automorphism group Sp(m, M — m) x 
Spin, N — n). 

Finally, in (5,5) dimensions, we adopt the following conventions. The spacetime signature 

is ( h + + ++), the charge conjugation matrix is C = 712345, {lnC) T = (t^C), 

{l^ P C) T = -jpvpC, {ip bUp \ T C) T = jpvp\ T C, 711 = 71...10, 7n = 1, T11 = 7n, 7n = 7n, 
{C,7n} = 0, 7* = 777^, C T = -r/C, {ip V C) T = rj-f^C, and {i^p C) T = -n-fp Upa C, 
where n = ±1. Again, without loss of generality, we shall set n = 1. The supercharges 
Q\ ,i— 1, M and Qt, a = 1, N obey the anticommutation rules 

= 0, (3) 
{Ql,Q b + } = \{l + lll )l»CPpn ab , 

where rfi and n ab are the invariant tensors of the automorphism group SO(m,M — m) x 
SO(n, N — n). The properties of the Dirac matrices and the form of the extended Poincare 
algebra in (9, 1) dimensions is the same as in the (5,5) dimensions described above. 
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3. We now turn to the description of self-dual super Yang-Mills theories in (2, 2) dimensions. 
It can easily obtained by a Wick rotation of the super Yang-Mills theory in (3, 1) dimen- 
sions. The model contains the gauge field and its fermionic parners A±, which are now 
independent real Majorana-Weyl spinors. The self-dual version of the theory is obtained by 
setting A+ = [7]. The resulting transformation rules are 

S \_ = -\^F^e 

Note that both supersymmetry parameters e± are present. The closure of these transforma- 
tions then requires the conditions 

where is the gauge covariant derivative. These equations transform into each other 
under the supersymmetry transformations: 8F~ V = — ^e + 7^7 p D p A_ and 5^^D^X- = 
47^P£> M F-e_, where F~ = - \e^ po FP° . 

As to be expected, the N=l self-dual super Yang-Mills equations (5) are also invariant the 
transformations of the superconformal group SX(4|1) whose bosonic subgroup is SL(A, i?)(~ 
50(3, 3)) x 50(1, 1). The superconformal transformations are given by (4) and 

SAp = -\r]-i v i^\-x v + t X d x A p , 

5A_ = -l^YxpF^ + |aA_ - f3\. + \^ 1{lv X- + ^X- , 

where rj± are the special conformal supersymmetry parameters, a, (5 are the parameters 
of dilatations and S0(1,1) transformations, respectively, and ^ represent the spacetime 
conformal transformations given by 

£H{x) = a fI - ufxv + ax^ + 2x^r] ■ x - r/V . (7) 

Here a^u;^ and rf are the constant parameters of translations, Lorentz rotations and 
conformal boosts, respectively. 



(4) 



(5) 



4. The on-shell N=2 super Yang-Mills multiplet in (2,2) dimensions contains the fields 
(A/j,, A±, S, 4>) where i — 1,2 and S,<f> are two real scalars, all taking their values in the 
adjoint representation of some Lie algebra. It is easiest to obtain the transformation rules 
for this multiplet from (3,3) dimensions by ordinary dimensional reduction. The simple super 
Yang-Mills multiplet transformation rules in (3,3) dimensions are 

8 Afr = \f} l T jl x 3 eij , £=1,...,6 
5x i = -\Y^F^ , 
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where Tjx — ~X an d ^7V — ~V- Let us choose the Dirac matrices as P = 7' 1 x 1, 
= 1,2,5,6, T% = 75 x zo"2, T4 = 75 x o\. Performing a straigtforward dimensional 
reduction in which we take all the fields to be independent of the two internal coordinates 
and defining (ft = 5 (^3 — A4), and 5 = ^(^3 + ^44), from (8) we find the transformation rules 
for the N = 2 super Yang-Mills multiplet in (2,2) dimensions: 



SA li = 


\r]\l^a2X 3 -^j - 5V-l^°2X+£ij , 




8<f> = 


-\rt_X*-Zii > 




5S = 


~lV+X+ e ij , 




s x \ = 




- [S, 4>]rf + 






+ [S, <ft\rf + 



(9) 



where 75 x± = ±X± an d a ± — \{ a i =t l(J 2)- To obtain the self-dual version, we impose the 
conditions [8] 

s = o, x + = o, o-+xi = o, <r+V- = 0, °-V+ = 0- (10) 

Using the notation, cr-X- = A!_ and a+rf + = e+, we then have 

5^ = |e* + 7 /i Aiey , 
<y0=-ieLAiey , (11) 

The closure of the algebra modulo a set of equations of motions that transform into each 
other under superymmetry requires the following set of equations [8] 

Ffxii 2^v LV P (J F^ = ! 

VAX = 0, (12) 

D li D> i <j>-^ei j [V_,Xi]=0, 

where the commutator is in the space of the Lie algebra generators. The last equation is easily 
seen to follow from the supersymmetric variation of the second equation. One application 
of these equations has already been considered in [4] where it has been an appropriate 
dimensional reduction of these equations to (1,1) dimensions yields the super KdV equations. 

5. We now consider the case of N=4 super Yang-Mills theory. While it can be formulated in 
(2,2) dimensions, it does not admit a simple self-dual truncation of the kind discussed above. 
The N=4 super Yang-Mills theory in (2,2) dimensions can be easily obtained by an ordinary 



dimensional reduction from the simple super Yang-Mills theory in (5,5) dimensions, whose 
transformation rules are 



^ A = iel>\, £=1,...,10 

*A = -ir*%> Cj 

where TnA = —A and Tue = — e. Let us choose the Dirac matrices as = 7^ x 1 

(/j, = 1, 2, 9, 10) and Ti = 75 x 7, (i = 3, 8). As usual, setting = 0, we obtain the N=4 
super Yang-Mills transformation rules 

8 An = e + 7 M A_ + e_7 M A + , 
54>i = -e_7iA_ + e + 7iA+ , 

5A+ = -\F^e+ - - \l ij [4>i, <f>j]e+ , 

5A_ = -\F^ lllv e- + ^fD^e + - ^[MiV- . 

where e and A carry the spinor indices of the Lorentz group SO (2,2) as well as the spinor 
indices of the internal symetry group SO(3,3), e = ^C^Cq with C4 = 712, Cq = 7345, 
Ai = </>j, 756-1- = ±e± and 77€± = =Fe±. Now it can be seen that A + can not be consistently 
set equal to zero in order to arrive at the self-duality equation and its super-partners. Unlike 
in the case of N=2 super Yang-Mills, here the second and third terms in the transformation 
rule of A+ can not be made to vanish by any condition on the scalar fields or the parameters 
e± in a way consistent with supersymmetry [2,8]. A different kind of self-dual N=4 super 
Yang-Mills theory has been formulated in [2], where it is also shown that it arises as the 
effective theory in the open N=2 superstring theory. In this version, one introduces an 
ant i- self- dual Lagrange multiplier field whose equation of motion imposes the self-duality 
condition on the Yang-Mills curvature, and an anti-chiral spinor. The Lagrange multiplier 
field propagates, however, and consequently the number of helicities in the theory do not get 
halved. 



6. We now turn to the description of two types of N=l self-dual supergravity theories in 
(2,2) dimensions. One of them, which we call type I, can be obtained by chiral truncation 
of the simple supergravity in (2,2) dimensions. This truncation is very much like the one 
discussed above in the case of super Yang-Mills theory [7]. The remaining fields are (e^, VV-)' 
the vierbein and the gravitino fields, respectively. The resulting field equations are 

R cd ab {u{e)) - \e cdef R e f ah {uj{e)) = 0, 

where R c d ab is the Riemann curvature and ip a t, = eae% [D /1 (a;(e)'0 J/ — D lf (u;(e)ipf i ]. The 
torsion-free spin connection u(e) is the solution of the equation D fl (u(e))e^ = <9 M e" + 
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^ii ah &vb — r^,(g)e^ = 0, where T^(g) is the usual Christophel symbol. The solution is 
given by u^ ab = \e v a (d^e vb - d u e^ h ) + ^e fic e^d a e c p - a <-> b. 

The type I self-dual supergravity system described in (15) has the local supersymmetry 

Sef = ±e +7 <%- , 

Closure of the algebra requires that the supersymmetry parameter e+ be covariantly constant, 
i.e. D M (cj)e + = 0. The integrability condition of this equation leads to the self-duality 
condition (15) for the Riemann curvature. For later convenience we record here the algebra 
of the transformations (16): 

[6 €1 ,6 e2 ] = 5t + 5 A + 6 e3 , (17) 

where the composite general coordinate , Lorenz and supersymmetry parameters are given 
by 

e = £2+7^1- - 1 <-> 2 , 

A = Z v w vab , (18) 

e 3 = -rvv- . 

In deriving this result, we have used the following formula for the supersymmetric variation 
of the spin connection: 

8w»ab(e) = - le+'y l j l ,ij>a b - + Je + 7 6 ^ Ma _ - \l+la^nb- . 

1 1 - i - i - \ (.l" ) 

and the Fierz rearrangement formulae: yfy = — \i^X + ffil^Xluv for same chirality anti- 
commuting Majorana-Weyl spinors and x^P — ~ 5 "07^X7^ f° r the case of opposite chiralities. 
A useful identity is: 7^ = -\^ vp ° ipolh- 

Going back to the self-duality equations (15), we note that there are no fermionic correc- 
tions to the one involving the Riemann tensor. Nonetheless one verifies that these equations 
do transform into each other under the supersymmetry transformations (16), thanks to the 
gravitino equation ^ cahr ^ a b- — and its consequences 7 a& ^ a fc- — and "y a ^p a b- — 0. The 
gravitino equation has to be satisfied by closure requirements. It can also seen as a conse- 
quence of the self-duality equations (15) taken together with the Bianchi identities for the 
curvatures. This is similar to the fact that the self-duality condition on the Yang-Mills field 
strength plus the Bianchi identity imply the ordinary Yang-Mills field equation. Notice also 
that one can derive the self-duality equation from the gravitino equation. To see this we 
multiply 7 cab, ipab- = by 7 d and use the equations 7 a Va&- = and ^""ipab- — 0. 

Some other aspects of the self-duality condition (15) are also noteworthy. From (15) and 
the identity R[ a bc]d( u ( e )) = 0' ^ follows that the Ricci-tensor vanishes R a b(uj(e)) = 0. We 
also know that Ricci-flat self-dual metrics are Kahler. Therefore, it follows that self-dual 
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metrics are Kahler. For such metrics, using complex coordinates labeled by i = 1,2, one 
can express the Ricci tensor as Rq = didjln detgq, where gq is the metric. In terms of a 
Kahler potential K, the metric can be written as gq = d{djK. Therefore, the vanishing of 
the Ricci tensor means that det didjK = 1. This can be written as a Poisson bracket as 
e y {diK, djK} = 2, where the Poisson brackets of A and B is defined as {A, B} = e lJ diAcqB. 
This equation is clearly invariant under symplectic diffeomorphisms of the form 5d{K = 
{diK, A} where A is an arbitrary function. Note that the metric is not invariant under 
this transformation, and consequently, from a given metric which satisfies the Ricci flatness 
condition, one obtains a one parameter family of metrics which also obey this condition. 



7. We now describe another type of N=l self-dual supergravity theory, which we shall call 
type II, which can be obtained from the so-called new minimal formulation [9] of the off- 
shell supergravity (adapted to (2,2) signature). The new minimal multiplet consists of the 
vierbein e^, the gravitini ipn±, the antisymmetric tensor field B^ v and an SO(l,l) gauge 



field Vfx. It is to define the combinations 



n ii ± ab = u li ab (e,il>)±H li ab , 



H^p = d^B up] - l^+lv^p]- , 

F a b(V+) = 2d [a V b]+ - \^[ a+ l X ^b]\- + \^[a-l X ^b]\+ 

k cd ab (n-) = R cd ab (Q-) - - h-^t ■ 



(20) 



where the supercovariant spin-connection u fI ab (e,ifj) is defined as 

< 6 (e, rf,) = < 6 (e) - Jfe 7 [ V ] - Wl^ b , (21) 
with = if)^ + + ipn~, and the supercovariant curvatures are 



(22) 



The derivative on the supersymmetry parameters e± is given by 

V^{1 + , V+)e ± = - \%+ ab lab T V^+y ± (23) 

The N=l type II self-dual supergravity system consists of the following equations [5] 

1% = \e abc Ucd± , 
R cd ab {^) = \e abe f R cdef {n„) , (24) 
F ab (V + ) = \e abcd F cd (V + ) . 
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These equations transform into each other under the following local supersymmetry trans- 
formations 

5^ = |e+7M7 a& VU- 



It is interesting to observe [5] that the last self-duality condition in (24) together with 

the Bianchi identity D [a F bc ](V + ) H = imply the field equation D a F ab (V + ) H = 0, 

which we recognize as one of the field equations that follow from the (2,2) version of the 
i? 2 -type action constructed in [10] given by 

e- 1 £( J R 2 ) =\R, v ab {n_)R^ a \n_) - 2F ab (V + )F ab (V + ) + ^ ab ^D^(Q_, V)^ ab 

where ip^ = if)^ + + ip^- and the covariantization in the kinetic term of the gravitino 
curvature acts both on the spinor as well as the vector indices of i/j ab . By supersymmetry it 
then follows that the field equations for the remaining fields e^ a ,ip^± and B^ u must also be 
satisfied. 

The N=2 and N=4 self-dual supergravity theories in (2,2) dimensions can also be ob- 
tained from their non-self-dual counterparts (which in turn can be obtained by a Wick 
rotation of their (3,1) versions) by chirality/self-duality restrictions [8,2]. The case of N=8 
supergravity, just as in the case of N=4 super Yang-Mills, turns out to be more subtle, and 
has been treated in [2]. 

8. In [2], it was found that a self-dual version of gauged~N=8 supergravity arsies as an effective 
theory of closed N=2 superstrings. The relevant global superalgebra, in the case of non-self 
dual extended supergravity in (2,2) dimensions, is OSp(N\A), whose bosonic subalgebra is 
5*0(3,2) © SO(n,N — n). It can be obtained from the superconformal algebra SL(N\4), 
which has the bosonic subalgebra 50(3, 3) © 50(1, 1) © SL(N, R), by a suitable restriction. 
In the resulting algebra, the SO(3,2) generators can be decomposed with respect to the 
SO (2,2) subalgebra as (M^ u , P^) and in addition to the obvious commutation rules one has 

W+> Q J +} = -TCM^tf + i ( i + 75)cr ; ; 
{Qi, Q j -} = + 75)7^ prf , 



(27) 

IM>'I ~r 5V 1 — 75)0'i J , 

04] = h^T > Q±\ = h^Q± 



{Qi, Qi} = -fCM+rf* + 1 (1 _ l5)cr .i 



where rfi is the invariant tensor, and T l i are the generators, of 50 (n, N — n), and M^ v are 
the self-dual and anti-self dual pieces of the Lorentz generators. 
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The gauged N=8 supergravity in (2,2) dimension is rather complicated. Its self-dual 
restriction is in some ways similar to the case of N=4 super Yang-Mills theory, where prop- 
agating Lagrange multipliers are needed to impose the self-duality condition. An important 
property of gauged supergravities is that they contain a cosmological constant. While the 
cosmological constant is necessary in gauged supergravity theories, gauging is not necessary 
in order to introduce a cosmological constant. The simplest example in four dimensions is 
N=l supergravity with cosmological constant [11]. It is instructive to consider the conse- 
quences of its Wick rotation to (2,2) dimensions and its chiral truncation. The transformation 
rules in (2,2) dimensions are 

bel = e+7 a ^_ + e_7<% + , 
<$Vv+ = D^{ib)e + + m7 M e_ , (28) 
<HV- = D ^) e - + m 7^e+ , 

where m is an arbitrary mass parameter, and uj^ab equals uj(e)^ a b plus fermionic torsion 
which consists of bilinears in the gravitino field. The closure of this algebra requires the 
field equations that follow from the supergravity action plus a gravitino mass term and a 
cosmological constant term. In particular, ^ vp i\) vp _ ~ rwy^ip^ and 7 M ^ p VVp+ ~ m^y^ip^-. 

Now let us consider the chiral truncation ip + = 0. From (28) we get the condition 
D /J/ (u(e))e+ + ra7 (1 f- = 0, which determines e_ in terms of e+. However, we run into a 
problem with the gravitino field equation: 7^-i/v- = 0, and hence ip^- = 0. Interestingly 
enough, there is another route one can take, which turns out to imply that the torsion- 
free self-dual N=l supergravity equations actually admit a one parameter extension of the 
super Poincare algebra as a symmetry algebra. To see this, let us consider the folowing 
transformations 

5e a u = e + 7 a V\i- , 
" ^ (29) 

Sipp- = D M (u;(e))e_ + m^^e + . 

Remarkably, these transformation rules do form a closed algebra provided that D^(uj{e))e + = 
and the self-dual supergravity equations (15) are satisfied. The algebra of these transfor- 
mation is 

[5^,5^ = 6^ + 5^ + 5^, (30) 

where the composite general coordinate, Lorenz and supersymmetry parameters are given 
by 

e = £2+1^1- - 1 2 , 

A' = C^uab + 2me 2 +7a&ei + , (31) 

One can check that <5 e3 e^ = and that S^'ip^- = 5a Vv*-- We see that unlike in the case of the 
algebra (17), here even in the global limit we still have an (anti) self-dual Lorentz rotation. 
Noting that [5 e ,5^\ = 5 e > and [5 £ ,5a] = 5 e ii where e' = —^d^e and e" = — |A a &7 a& e, we see 
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that the global limit of the full algebra contains the generators (Q±, M^ v , P M ), obeying the 
algebra {Q+,Q+} = ^ V CM~ V , {Q+,Q_} = ±(1 + 75)7^, and [M^,Q+] = \ lia/ Q+, 
plus the commutators of the ordinary Poincare algeba, with all the other (anti) commutators 
vanishing. 
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